Abstract. The question as to whether the Jacobian ideal of an irreducible projective plane curve always admits an irrelevant component has been going around for some years. One shows that a curve will satisfy this if it has only ordinary nodes or cusps, while an example is given of a family of sextic curves whose respective Jacobian ideals are saturated. The connection between this problem and the theory of homogeneous free divisors in three variables is also pointed out, so the example gives a family of Koszul-free divisors.
Introduction: The problem
Let k be an algebraically closed field of characteristic zero. Given a homogeneous polynomial f ∈ R = k[x, y, z], let I ⊂ R denote the ideal generated by the three partial derivatives of f -called the gradient ideal of f .
It was 1976, I believe, when I first heard the following question from David Buchsbaum. Question 1.1. Let f be an irreducible polynomial of degree ≥ 3. When is depth(R/I) = 0?
Since I was then looking at free resolutions and syzygetic ideals, it seemed like a natural problem to look at-which I did not. Sometime later, I discussed this question with Ernst Kunz. He suggested looking into the Hessian H(f ) of f since H(f ) ∈ I : (x, y, z) from the Euler formula for f . Alas, very often H(f ) ∈ I, thus yielding no information on the problem. It thus seemed that the problem deserved a harder look. Still later Karl-Otto Stöhr produced an argument which roughly showed that the problem ought to have an affirmative answer for very simple singularities. As far as I remember, that stayed at that. I believe none of us ever looked into it again. Unfortunately, I do not recall Stöhr's argument and I am afraid he may not recall it either after so many years.
As a way of paying tribute to all three fine mathematicians for their interest in the problem, though they may not have recollection of it after over 25 years, I will reprove the ordinary node case by a simple look at the Hilbert polynomial of R/I.
The emphasis throughout this paper is on the irreducibility of f , since reduced non-irreducible forms f such that depth(R/I) > 0 are easy to write down. Note that the question is easily answered if the corresponding projective plane curve has no singular points-in this case the gradient ideal is even (x, y, z)-primary. However, apart from this case there do not seem to be any totally obvious situations where the question has an immediate answer. One possibility is to compare the restriction, if any, imposed on the multiplicity of the Jacobian ring R/I in order that its depth be zero, to the one imposed by the irreducibility of f .
Clearly, saying that depth(R/I) > 0 is tantamount in this simple setup to asking whether I is a codimension two perfect ideal. Thus, in the present situation of a polynomial ring in three variables, the problem will tie up with the question of finding free homogeneous divisors in the sense of Saito ([6] ) (who called them logarithmic divisors in the complex analytic setup).
I am indebted to the referee for a fine work in pointing several imprecisions and also for correcting a wrong calculation in the first version, thus showing that the method employed in the proof of Proposition 2.1 is really tight.
For the sake of completeness and ready reference, I reprove the following wellknown formula by an elementary self-contained argument. 
Proof. The integer d 0 will be immediately clear from the argument. The minimal graded free resolution of R/I as an R-module is of the form
for suitable positive integers m, n. The Hilbert function of R/I is then
Since dim R/I = 1, the Hilbert polynomial is the constant integer H(R/I) = H(R/I, t) for t >> 0. Therefore, one only has to compute the coefficient of the degree zero term in t. A computation then yields
Finally, by the Hilbert-Burch result, I is generated by the maximal (i.e., 2 × 2) minors of a homogeneous 2 × 3 matrix representing ϕ. Therefore, if one sets
Substituting for these values in (3), one gets the desired expression.
Corollary 1.3. Let f ∈ R be a squarefree homogeneous polynomial of degree d+1 ≥ 3 and let I ⊂ R denote its gradient ideal. If depth(R/I)
The above degree is what is called the (algebraic) multiplicity of the graded ring R/I or, what is the same, the Hilbert-Samuel multiplicity of the localization of R/I at the maximal ideal (x, y, z). It is also the degree of the projective scheme associated to the ideal I-to be distinguished from the degree of the zero-dimensional algebraic set V (I) ⊂ P 2 which is the algebraic multiplicity of the radical of I.
Affirmative answer for ordinary nodes
Here is a fair positive case of the question above. Proof. Since f is irreducible, one has the known inequality (see, e.g., [4 
where m P denotes the multiplicity of the curve defined by f at the point P ∈ P 2 . Now, the right-hand side of (5) is really the number of singular points of the curve, since they are all ordinary double points.
Let P ∈ P 2 be a singular point of the curve. Denote by ℘ the prime ideal of P in R and by P the ℘-primary component of I.
I claim that the R ℘ -module R ℘ /I ℘ = R ℘ /P ℘ has length one. For this, one can pass to an affine piece while keeping the same notation. Thus, up to a projective coordinate change, now R = k[X, Y ] (X = x/z, Y = y/z), P is primary to the maximal ideal (X, Y ), and the latter is the ideal of an ordinary double point of the corresponding affine piece of the curve. The affine equation of the curve can be taken to be of the form 
with 2 + h 1 a unit locally at (X, Y ). Therefore, for the sake of generating the ideal locally at (X, Y ), the partial derivative looks like X − uF (Y ), with u a unit and F of initial degree at least 2. By the same token, the second partial derivative looks like Y − vG(X) in the localization, with G of initial degree at least 2. This shows that, locally at (X, Y ),
showing that the length is indeed one.
Next, up to a projective coordinate change, one may assume that the singular points of the curve all lie in one and the same affine piece. With this proviso, the original degree in the graded setup can be computed as the present length (R/I). By well-known properties of Artinian rings (see, e.g., [2, Corollary 2.16]), one has (R/I) = i (R ℘ i /I ℘ i ), where i runs through the set indexing the minimal primes of R/I (i.e., the finitely many singular points of the curve). Consequently, (R/I) is also the number of singular points of the curve and so is the original graded degree.
Going back to the original notation in the graded setup, if one assumes that the depth of R/I is positive, then, by Corollary 1.3 and (5), the following inequality holds:
Arguing that this is impossible will lead to the required contradiction. Expanding all binomial terms in the inequality yields
which, after collecting terms and simplifying, is equivalent to 
Remark 2.2. Though the inequality (d
≤ 0 fails in quite a slack way, the method of proof does not leave much room for other situations such as, e.g., when the curve has only ordinary nodes and ordinary cusps. Indeed, in this case a similar local analysis of the singularities yields that deg(R/I) is at most twice the number of singular points. In the worst case, this would lead one to multiply the left-hand side of (6) by 2 and still try to show it fails. However, the value d 0 = 2 already makes the inequality kosher for d ≥ 4. On the bright side, however, this is in general not the inequality to be contradicted when R/I fails to be Cohen-Macaulay. In such cases, one would have to deal directly with deg(R/I) in order to derive the impossibility of equality (4). The problem is roughly how deg(R/I) grows in the presence of singularities so one can compare it directly to the right-hand side of (6) . Thus, the sole hypothesis of irreducibility may in general fall short of implying that depth(R/I) = 0. Indeed, an example of such a phenomenon will be given in the next section.
Counterexample: The family of Cayley sextics
Consider a cubic equation with parametric coefficients T 3 −p T +q, where p, q are fixed polynomials in B = k [u, v, x, y, z] . Here one takes very special p, q, namely, p = x 2 + vy 2 + uxz and q = u(x 2 + vy 2 )z. Then T 3 − p T + q is a quasi-homogenous polynomial of degree 6 with respect to the following weights:
Thus, the discriminant of T 3 − p T + q is a quasi-homogeneous polynomial of degree 12
which gives a family of quasi-homogeneous surfaces in the affine space A 3 with weights 2, 1, 1 over the affine plane A 2 with weights 1, 2 -called the Cayley family. Now, for every (a, b) ∈ A 2 such that ab = 0, the corresponding fiber gives a form f = f a,b ∈ k[x, y, z] of (standard) degree 6. Such an individualized form is called a Cayley sextic.
I will use the following elementary result, a possibly well-known variation of irreducibiliy criteria. A more general statement is certainly available, but there is no need for it in the present situation.
Proof. If it factors one must have
. Expanding this product and observing that f 1 (y) is a common factor of all y-coefficients of P (y, z) except the first, it follows that a prime factor of f 1 (y) divides all three g(y), h 1 (y), h 2 (y). Now, h 1 (y) = 0, as otherwise g(y) and h 2 (y) would both have to be of degree 4 to comply with y-degrees of P (y, z), which is impossible since their product has degree 6. Therefore, deg h 1 (y) ≥ 1.
This then rules out the possibility that deg g(y) ≥ 4, as otherwise deg h 2 (y) ≤ 2, which would entice that the y-coefficient of z in P (y, z) have the wrong degree. Thus, 1 ≤ deg g(y) ≤ 3, since g(y) has a prime factor. In this range, necessarily deg h 1 (y) = 4 in order to comply with the degree of the y-coefficient of z 2 in P (y, z); therefore, 5 ≤ deg g(y)h 1 (y) ≤ 7. To have cancelation in the y-coefficient of z in P (y, z), one would need deg h 2 (y) ≥ 5. The only way would be to have deg g(y) = 1, deg h 2 (y) = 5.
In this case, there is no apparent degree contradiction, so one resorts to looking closely at the coefficients of the resulting expansion of the product of the two factors. Note that, necessarily, g(y) is a factor of both h 1 (y) and h 2 (y), so write h 1 (y) = g(y)h 1 (y) and h 2 (y) = g(y)h 2 (y). The following polynomial emerges:
Also recall that g(y) is now a prime factor of f 1 (y), so f 1 (y) = g(y)g (y), where g (y) is the other factor. Substituting and comparing with the given y-coefficients of 1 and of z in P (y, z), one finds h 2 (y) = dg(y)g (y) 3 and
hence g (y) divides h 1 (y). Comparing with the y-coefficient of z 2 , one gets
from which it is seen that g (y) divides 1 + h 1 (y) -absurd. This concludes the proof.
Corollary 3.2. A Cayley sextic is irreducible.
Proof. It suffices to show the irreducibility of the affine piece at x = 1. The latter can be seen to be
Apply the previous lemma with f 1 Remark 3.3. It is also possible to find the singular points of a Cayley sextic and their respective multiplicities and then proceed to show that it is rational, hence irreducible. However, I find the previous approach more elementary.
Now it is time to prove that the Jacobian ring R/I of the Cayley sextic has positive depth, in other words, that I is a (codimension two) perfect ideal. Since the intention is to do slightly more, I will start a new section. The required result will be part of Proposition 4.4, where it will also be expressed in the language of free divisors in order to point a different facet of the problem.
Relation to the theory of free divisors
Keep the previous notation, except that J f will now denote the gradient ideal of f . The purpose of this section is to prove that the Jacobian ideal of any Cayley sextic is a codimension two perfect ideal, while relating the main problem to the theory of free divisors. Recall some of the features of this notion (see [6] , also [7] ).
Let f ∈ R be a squarefree polynomial. f will be said to be a divisor of linear type if J f is an ideal of linear type. Following the idea of Saito ([6] ), one says that f is a free divisor if Der f (R) := {δ ∈ Der k (R) | δ(f ) ∈ (f )} -the (f )-idealizer of Der k (R)-is a free R-module.
In dimension three, there is the following special result. This is a special case of a general structure result of free divisors which are not smooth everywhere. For a simple proof see [7, Proposition 3.7] , but the priority of this result is Terao's.
The question in the first section can be rephrased in the present terminology. 
